HIGHER OBSTRUCTIONS TO SECTIONING
A SPECIAL TYPE OF FIBRE BUNDLES

BY
WU-CHUNG HSIANG(!)

Introduction. The purpose of this paper is to investigate the problem of
higher obstructions to sectioning a certain type of fibre bundles. Let F be the
fibre of a given bundle &, and let n be the least dimension such that =,(F) is not
zero. Then, the primary obstruction cocycles to sectioning ¢ form a unique
class 0,(¢) e H"**(X;n,(F)) where X is the base space of ¢ [18]. If m is the
next dimension such that =,(F) is not zero and 0,(¢) =0, then the secondary
obstruction cocycle generally do not form a single class but a set of classes in
H™*'(X;n,(F)). When m < 2n, there are general formulas to relate these secon-
dary obstruction classes [6; 9]. It is relatively difficult to describe the relation-
ship of these secondary obstruction classes when m > 2n. In this paper, we
shall study the higher obstructions to sectioning a special type of fibre bundles
such that n,(F) is the first nontrivial homotopy group of the fibre and the di-
mension of the next homotopy group of F is much higher than 4.

Let F be a homogeneous space of a compact connected semisimple Lie group
G. Suppose that the first nontrivial homotopy group of F is n,(F) which is free.
Let & be a bundle over X with fibre F and group G and whose primary obstruc-
tion vanishes. We will construct a principal torus bundle F, - F, a central
extension G, of G by the torus, and a set of weakly associated bundles {{} over
X with fibre F; and group G,. Under the projection p: ¢ — {, secondary and
tertiary obstructions for ¢ corresponding to primary and secondary obstructions
for {’s (cf. Theorem (4.3)). We shall call this method enlarging the fibre and the
group. Thus, an enlargement may be used to reduce the order of an obstruction.

By this method, we rederive Kundert’s formula for the secondary obstructions
when the fibre is a complex projective space CP"~! and PU(n) is the structural
group(?). We will also derive new formulas for the third obstructions when
F=CP" ! and for the secondary obstructions mod 2 to finding an orientable 2-
plane sub-bundle of an orientable vector space bundle (cf. Theorems (6.1) and (7.1)).

The author extends his cordial thanks to Professor N. E. Steenrod for his
constant encouragement, suggestions and criticisms. He equally thanks Pro-
fessors J. C. Moore, J. W. Milnor and Dr. P. F. Baum for many helpful discussions.
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(1) This paper was taken from a part of the author’s thesis submitted to Princeton University
in September, 1962.

(2) Actually, Hirzebruch [5] implicitly used this method to rederive Kundert’s formula.
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I. Preliminary definitions and notations. In this paper we assume all the space
under consideration are in the category 3 of arcwise connected countable CW-
complexes with definite base points.

Let F be a space, and let G be a topological group acting on F. We shall call
(F, G) a fibre pair. For any space X in 3, B(X; F, G) denotes the set of equivalence
classes of fibre bundles over X with fibre F and group G [17]. If f: X > Yis a
map of spaces, then it induces a map f*:B(Y; F,G) - B(X; F, G) which sends
teB(Y; F,G) to f*£. The transformation T defined by T(X)=B(X;F,G),
T(f) =f* is a contravariant functor from 3 into the category w of sets. The image
of 3 under T'is a subcategory of w. We will call this subcategory B, the category
of fibre bundles (with fibre F and group G).

For convenience, we list the following notations.

Greek letters, e.g., &, 1, {, -+ will denote fibre bundles.

v(F, G) denotes the universal bundle with fibre F and group G. We abbreviate
it as v if no confusion arises.

We use standard notations for the classical groups: U = unitary, SO = special
orthogonal, PU = projective unitary = U/centre and PSO = SO/centre. In every
case a dimensional index is understood, U = U(n), and is omitted when no con-
fusion arises. The group SO(2) will be also denoted by C (for circle).

We use the standard notation K(m,n) for an Eilenberg-Maclane space(3).

If f: G, - G, is a group homomorphism, then it induces a unique mapping
up to homotopy of the classifying spaces B(G,) = B(G,). This map will be de-
noted by f(B).

II. Triad of groups. In this section, we shall study a special problem on
groups. Since it is only applied to special cases, we will state our definition and
theorems in a minimal generality. All groups appearing in this section are com-
pact connected Lie groups.

2.1. DErINITION. A triad of groups (G, ; T,H) consists of a group G, a central
subgroup T (hence a torus), and a subgroup H such that TN H = 1.

With any triad of groups (Gy; T, H) there is associated the following diagram
which will be called the canonical diagram of the triad:

1 > Fy = GI/H

|
) Ij >
H

v
"y
|

G, /(T x H).

(3) K(m,n) is an abelian group under Milnor’s geometric realization [13] provided that =
is countable.
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Each row and column of the canonical diagram of a triad is a principal fibre
bundle. Any group pair (G, H) such that H is a subgroup of G is a triad by con-
sidering T= 1.

2.2. DerFiNITION. We say that two triads (G,; T, H) and (Gy; T, H') are equiv-
alent if there is an isomorphism f:G; —» Gisuchthat (T)=T', f(Tx H)=T'xH'.

Note that we do not require f(H)=H' in 2.2. But f(T)=T' and
f(Tx H)=T'x H' imply f(H)~ H'.

Given a triad of groups (G,; T, H), there are two fibre pairs (F, = G,/H,G,)
and (F = G, /(T x H), G = G|T) associated with it. For convenience, we adopt
the following definition.

2.3. DeriNITION. Given a triad (G,; T, H), (Fy =G, /H,G,)and (F=G, /(T x H),
G = G, |T) will be called the larger pair and the smaller pair of (G,; T, H), re-
spectively.

The typical example of a triad is (U(n);C,U(n—1)) where C is the centre of
U(n) which is isomorphic to the circle group. The canonical diagram of
(Um); C,U(n—1)) is

1 — C — C

N
k l l -
@) Un—1) —%5 Um) —Ls g2t
N
Ut—1) —*5 pUm) - Cp.
The larger pair of (U(n);C,U(n)) is (S*"~!,U(n)) and the smaller pair of
(U(n); C,U(n)) is (CP"" !, PU(n)).

Now suppcse given a fibre pair (F, G) such that F is a coset of G relative to a
subgroup H. Let T be a torus. There always exists a triad (G,; Ty, H,) such that
T, =T, H; @ H and (G,; Ty, H,) has (F, G) as its smaller pair. In fact, we may
simplylet Gy =Tx H, Ty =T x e and H, = ¢’ x H. Obviously, there are many
triads verifying these conditions. So, we need some invariants to characterize
a triad.

Consider the last column of the canonical diagram (1) of a given triad (G; T, H).
It is a principal fibration

3) T-F, =G,/[H->F = G, /[(Tx H)

with fibre torus T. Hence, the k-invariant of the fibration (3) is an element in
H*(F;(Z)") where m denotes the rank of T.

2.4. DerINITION. The k-invariant of the fibration (3) which is the last column
of the canonical diagram of the triad (G; T, H) is called the characteristic class
of the triad and denoted by k(G,; T, H).
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2.5. THEOREM. Suppose that (F, G) is a fibre pair such that G is a semisimple
Lie group and F is the coset space of G relative to the subgroup H. Let T™
be a torus of rank m and k be an element in H?*(F;(Z)™). Then, there
exists auniquetriad (G,; Ty, H,) up to equivalence suchthat T, =~ T™, (G,; Ty, H,)
has (F,G) as its smaller pair and k(G; T;,H,) = k.

Proof. We first prove the existence part. Consider the following principal
fibration:

4 T" - F, - F

with fibre T™ and k-invariant ke H*(F;(Z)"). Let y:G — F be the projection.
We have the following commutative diagram:

] — 1™ —> T

Lo b

(5) Gl'—"y*Fl_'é Fl

I
H — G —YsF.

We claim that there is a way of introducing a group operation into G, = y*F,
such that T™ is a central subgroup and F, is a coset space of G, under the pro-
jection y,. For this purpose, let us consider the simply-connected covering group
G of G and let p : G — G be the covering projection. G acts on G and F in obvious
ways. It follows from [19] that there exist bundle lifting actions of G on y*F,
and F, compatible with the bundle mapping y,. By bundle lifting actions, we mean
that the actions of G on y*F; and F; commute with the action of T™ and they
induce the actions of G on G and F by the projections. In particular, there is a
mapping j:G — y*F, such that gp = p. Let e be the identity of G. It is well
known that 7,(G) = p ~“'(e) is a subset of the centre of G. We can choose an ad-
missible mapping i:T™— ¢~ '(e) such that i *5:p~'(e)—» T™ is a homomor-
phism. Now, consider the product actions of G x T™on y*F, and F,. Clearly,
the bundle mapping 7y, : y*F, - F; is equivariant and the subgroup
A={(x"1i""p(x)[xep~'(e)} of Gx T™ acts trivially on both y*F; and F,.
Hence, the actions of Gx T™ony*F, and F, arefactored through G, =G x T"/A.
Following A. Shapiro’s construction [16], y*F; is actually the underlying space
of G, such that 1-»T"% G, % G — 1. Because T™ is normal in G, which is
connected and the automorphism group of T™ is discrete, the extension
1->T5G,% G- 1 is central. On the other hand, since the bundle mapping
91 :G, =y*F, > F, is equivariant, F, is a coset space of G, and the natural
projection of G, onto F, is just y,. Let H, be the isotropy subgroup of F relative
to G;. There is a commutative diagram
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H, Ky G, My p

o b b

H — GG — F.

We claim that p is an isomorphism, H, N T ™= 1, and hence (G,; T™, H,) is the
triad which we want. First, we prove that p is epimorphic. Let he H. Then,
h leaves the base point b, of F fixed. Let g, € G, such that g(g,) = h. Then,
g1(b,) and b, lie in the same fibre over b, where b, is the base point of F, lying
over b,. There exists te T" such that tg,(b,) = b,. Clearly, p(tg,) = q(tg,) = h.
p is also monomorphic. Suppose that p(h,) = p(h,) = h for h,,h, e H,. Then
h, = hyt and hence hy, h, belong to a single fibre. Since y, :G; —» F, is a fibre
mapping, y,(hy) =y,(h,) implies h; = h,. In particular, HNT" =1.

Now, we prove the uniqueness part. Let (G,; T, H) and (G1;T', H') be two
triads such that T~ T’ and there exists an equivariant isomorphism
f:(F=G/(Tx H),G = G{/T)>(F' = G{|]T'xH',G' = G{/T') such that
Sf*k(Gy; T',H") = k(G,; T, H). We are going to show that (G,; T, H) is equivalent
to (Gy;T, H). Since k(G,; T,H) = f*k(G};T’,H) and a principal torus fibration
is characterized by its k-invariant, we may identify the fibrations T— F; > F
and T'— Fy — F' of the last columns of the canonical diagrams of the triads
(Gy; T,H) and (Gy; T',H’), respectively. For the middle columns T% G, &G and
T4 G, % G’ of the canonical diagrams are induced bundles over G = G’ of the
projection y:G =G’ > F = F’, they are equivalent as bundles. On the other
hand, the middle columns are group extensions. Following from A. Shapiro’s
construction [16], there exist mappings p: G — y*F, and p’ : G- y*F, such that
() gp=qp'=p,(ii)i 'p:p '(e)— Tand i~ 'p":p”!(e) > T are homomorphisms
where p: G — G is the covering projection, (iii) G; =(G x T)/Aand G| = (G x T)/A’
where 4 ={(x"',i " p(x))|xep™!(e)} and A’ = {(x ,i"'j(x))| xe p~!(e)}. The
natural actions of G on G, and G, are the bundle lifting actions on y*F, of the
natural action of G on G induced by the covering projection p:G — G. Stewart
[19] proved that they are equivalent and hence i~ 15 = i~ 15’. Again by A. Shapiro’s
construction [16], there is an isomorphism h:G, — G such that the following
diagram is commutative:

! q Y

T 56,156 Lsr
S
T —4>¢ L1y L

It follows that h(T x H) =7'~*(bt) = T’ x H' where b}, denotes the base point
of F’ which is understood to be the coset containing the identity of G,. Hence,
(G,; T,H) is equivalent to (G{;T',H’).

Theorem 2.5is not true, if G is not semisimple. For example, let (F, G) = (T?, T?)
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and T=C. Then, there does not exist a triad (G,;C, H) such that (G,;C, H)
has (T?, T?) as its smaller pair and k(G,; C, H) is a nonzero element in
H*(T?;Z). If there exists a triad (G,;C, H) which has (T2, T?) as its smaller
pair and k(G,;C, H)#0, then we have

® 1-C->G,»T*>1.

By A. Shapiro’s theorem [16], G, is the trivial extension of T2 by C. So the
k-invariant of the principal fibration (8) which is k(G,;C, H) = 0. Hence there
does not exist such a triad (G,;C, H).

II1. The relationship of the larger pair and the smaller pair of a triad. Now, let
us examine the relationship of the larger pair and the smaller pair of a given
triad (G; T, H) First we consider the following construction(#).

Let 15T G, 5 G -1 be the middle exact sequence of the canonical dia-
gram (1) of thetriad (G,; T, H). Following Milnor’s construction [12], let E,
be the infinite-fold join of G; and E be the infinite-fold join of G. Then, E, and E
are acyclic spaces such that G, and G act freely on them respectively. Since T
is a subgroup of G,, Tacts freely on E,. Let E(T) = E,, E(G,) =E x E,, E(G)=E
and let G, act on E(G,)=E x E, diagonally. There is a diagram

i q .

i T s ¢, -4 j > 1
o ET) L g6y 1By g
P(T) lP(Gl) P(G)
i(B) q(B)

B(T) — B(G;,) —> B(G)

where B(T) = E(T)/T, B(G-)= E(G,)/G,, 'B(G) = E(G)/G. Consider the follow-
ing bundle:

(10) G, x T— E; x E(T) > (E,/G,) x B(T).

Note that E(T) is just another copy of E,, but they have different transformation
groups. Since T'is a central subgroup of G,, the mapping u: G, x T— G, which
sends (g4,t) into g,t is a homomorphism and we may consider G, as the quotient
group of G, x T by the central subgroup T’ consisting of elements of the form
(t™%,1) for teT. Thus, we have

G, xT —> E; xE(T) —> (E{/G,) x B(T)

G, —> (E; x E(T))/T’ —> (E, /G, ) x B(T)

(4) This construction is more or less known. For example, Borel-Hirzebruch [1] vaguely
used it when the triad is (U(n); C, U(n—1)).
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such that (p,(E),w):(E; x E(T),G, x T)->((E, x E(T))/T’,G,) is equivariant.
Now, since the bottom line of (11) is a G;-principal bundle, there exists a bundle
mapping

Gy ——— (E; x E(T)/T' —> (E,/G,) x B(T)

(12) lid lllz(E) lﬂz(B)

G, > E, — E, /G;.

Hence, (u,(E),id):((E, x E(T))|T',G,) —» (E{,G,) is equivariant. Let 7 (E)
= p(E)py(E). The mapping (A(E),p) :(E; x E(T),G, x T)— (E{,G,) is clearly
equivariant. Now, consider the mapping u(E)=id x ji(E):E(G,) X E(T)=Ex E,
x E(T)->E x E, =E(G,). Itiseasy to check that (u(E),u):(E(G,)x E(T), G, x T)
- (E(G,), G,) is equivariant. Hence, u(E) induces a mapping

(13) #(B): B(G,) x B(T)— B(G,)

of orbit spaces. It is clear that u(B) is the mapping of classifying spaces induced
by the homomorphism u:G, x T— G,.

3.1. THeoReM. (a) Each row and column in (9) is a fibration.

(b) The bottom row B(T) —=5 B(G,) —2» B(G) of (9) is a principal fibre

space with fibre K((Z)",2) and principal mapping y(B):B(G,) x B(T)— B(G,)(5).
(For the definition of principal fibre space, see Peterson-Stein [14].)

() Let £€B(X;F,G) be induced by f:X — B(G).

Then, & is weakly associated with a bundle neB(X;Fy,G,) if and only if
there exists h:X — B(G,) such that q(B)h = f.

Proof. (a) By the way which they were constructed, we know that each column
is a universal bundle, the top row and the middle row are obviously fibrations.
It remains to show that the bottom line is also a fibration. In fact, locally it is a
product. Let U < B(G) such that p(G)~1(U) is homeomorphic to U x G com-
patible with the actions of G. We have g(E)~1p(G)~*(U) homeomorphic to
U x G x E(T) compatible with the actions of G, which acts diagonally on
the last two factors of Ux Gx E(T)=U x G x E;. Hence p(G;) maps
U x G x E(T)/G; homeomorphically onto g(B)~1(U). We note that G acts on
B(T) = E(T)/T= E/T induced by the action G, on E;. Hence, the collapsing
mapping (U x G x E(T))—> (U x G x E(T))/G, = q(B)~*(U) can be factored
into two steps. First, collapse (U x G x E(T)) to U x G x B(T) by the action
of T on the last factor. Then, collapse U x G x B(T) to (U x G x B(T))/G by
the diagonal action of G on the last two factors. It is clear that
4(B)"'(U) = (U x G x B(T))/G is homeomorphic to U x B(T).

(®) In fact, every fibre space K(w,n) - E — X with simply-connected base space X is fibre-

homotopy to a principal K(z,n)-bundle which is actually nothing but the first stage Postnikov
decomposition of the fibre space. (3.1b) claims that the principal map is homotopic to u(B).
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(b) It is clear that the fibre of the fibration B(T) ——> B(G), ——> B(G) is
K((Z)",2). It remains to show that it is a principal fibre space [14](%) and w(B)
is the principal map. In other words, we have to show (i) if i(B): B(T) — B(G)
is the inclusion of the fibre, then i(B)™ ' u(B)(i(B) x id):B(T) x B(T) — B(T)
defines a homotopically associative multiplicaticn of B(T), (ii) each fibre is
(homotopically) invariant under u(B). It is casy to verify that u(B) satisfies (i)
and (ii).

(c) If there is a mapping h:X — B(G,) such that q(B)h =, then it is clear
that n = h*v(F,,G,) is weakly associated with £. Conversely, suppose that there
is neB(X; F,,G,) which is induced by h’':X — B(G,) weakly associated with &.
Hence, we have (¢(B)h')*v(F,G) = f*v(F, G). Since B(G) is the classifying space
for (F,G)-bundles, q(B)h' ~f. Because B(T)— B(G,)— B(G) is a fibration, we
may deform h’ homotopically into i such that g(B)h = f.

Thus we complete the proof of 3.1.

Since B(T)— B(G,)— B(G) is a principal fibre space with fibre K((Z)",2),
it is completely determined by its k-invariant(5). Before we investigate the rela-
tion between this k-invariant and k(G,; T, H), we introduce a function a which
will be used later.

Let neB(X; F,,G,) be weakly associated with £ e B(X; F,G) and induced by
h:X - B(G,). Let de HX(X;(Z)") which determines a mapping g:X — B(T)
= K((Z)™,2) up to homotopy, we define the function

(13) a: H(X;(Z)™) - {n|neB(X;F,G) weakly associated with &}

by o(d) = (u(B)(h, g))*v(F,G). Since d determines g up to homotopy and
q(B)u(h,g) = q(B)h =f, o is a well-defined function.

3.2. PROPOSITION. « is onto.

Proof. If n, € B(X;Fy,G,) is a bundle weakly associated with £ and induced
by a mapping h, : X - B(G,), then g(B)h; ~f. We may assume that g(B)h; =f
without loss of any generality. Since B(T)— B(G,)— B(G) is a principal fibre
space with fibre K((Z)",2) = B(T), there is a mapping g : X —((Z)™, 2) such that
u(B)(h,g) = hy. Let de H*(X;(Z)") be the element determined by g: X — B(T).
Then, a(d) = #;.

IV. Enlarging the fibre and the group of a bundle. The situation is more
interesting when the coset space F, of the larger pair of (G;; T, H) is 2-connected.

4.1. PROPOSITION. Given a triad (Gy;T,H), if the coset space F, of its larger
pair is 2-connected, then s*:7n(F;)— n(F) is an isomorphism for i# 2 and
7,(F) = (Z)™ where s:F, — F is the natural projection and m is the rank of T.
Moreover, k(G,; T,H) is the fundamental class of F.
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This proposition follows immediately from the homotopy exact sequence of
the fibration T— F, = F which is the last column of the canonical diagram of
(Gy; TH).

4.2. DEerINITION. Let (Gy; T, H) be a triad such that the coset space F, of its
larger pair is 2-connected. We call the larger pair (F,,G,) of (G,;T,H) an en-
largement of the smaller pair (F, G) of (G,: T, H).

If tollows from (2.5) that if G is semisimple, F is a coset space of G and 7,(F)
is the first nonzero homotopy group of F which is a free group of rank m, then
(F,G) has an enlargement (Fy,G,). For instance, if G is a simply connected,
semisimple, compact, connected Lie group and F is a coset space of G relative
to a torus T in G; then (F,G) has an enlargement (F,,G,).

If (F{,G;) is another enlargement of (F,G), then there exists the following
commutative diagram:

G g

h

1

\ /
G

(14) 2 y ¥,

F
/ \
1

h

]
F

where h:(F,,G,)— (F1,G,) is an equivariant isomorphism.

4.3. THEOREM. Let (F,,G,) be an enlargement of (F,G) and H(G, z) = 0(5).

(@) The primary obstruction to sectioning a bundle £ €B(X;F,G) is zero
if and only if & is weakly associated with a bundle { €B(X;Fy,G).

(b) If { is an (F,,G,)-bundle weakly associated with ¢ and if p: E({) - E(&)
is the natural projection, any cross-section over the nth skeleton of X
c: X" EQ) in { yields a cross-section pc:X"— E(&) in £. Conversely, if the
primary obstruction to sectioning & is zero, then for any cross-section

(6) If G is semisimple, H1(G, Z) is automatically zero.
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¢: X" E(&)(n = 3) there exists a bundle { e B(X; F,, G,) weakly associated with
& and a cross-section ¢ : X"— E({) such that pc = ¢ where p:E({) > E(¢) is the
natural projection.

Using this theorem, we can reduce the problem of computing obstructions
to sectioning a given (F, G)-bundle to the problem of lower order obstructions
to sectioning the weakly associated (F;, G,)-bundles.

Proof of 4.3. (a) First, we claim that the following diagram

1 oo ym 91 2 7\m
H(Ty2Z)") —> H*(B(T);(Z2)"™)

(15) 71 T2
O-"I
H*G;(2)") —> H(B(G);(D)")
is anti-commutative, i.e., 7,06, = —0,7; where ¢4,0,,7,,7, denote the trans-

gressions of wW(T), v(G), q:G; —» G and q(B):B(G,) - B(G) of (9), respectively.
Since H'(G;Z) =0, H'(G;(Z)™) =0. Hence the groups E3? and EZ'! of the
spectral sequence associated with the universal bundle v(G) with coefficients
in (Z)™ are zero. So, 0, is defined and single-valued. It is well known that ¢,,7,,7,
are also defined and single-valued. It follows from (9) that we have the following
commutative diagram of cochain complexes with coefficients in (Z)™

0 0 0
0 «—— C¥(T) &—— C*(Gy)¢——— C*(Gy, T)e— 0

(16) 0 —C*E(T)) «——— C*E(G)«——C*(E(G),E(T)) « 0

T

0 «C*E(T),T) « C*E(G,),G,) D« 0
1 1 T
0 0 0

where D = ker (C*(E(G), G) » C*(E(T), T)) = ker (C*(E(G,), E(T)) - C*(G, T)).
Let 8,, 8,, d,, d, be the connecting homomorphisms of the top row, the bottom
row, the left column and the right column, respectively. It is well known [2]
that d,6, = —J,d,. For the dimensions shown in (15), é,, d,, dy, d, are equi-
valent to 14, 75, 64, 05, respectively. Therefore, 7,0, = —0,7,. Now, if £ is weakly
associated with a bundle { e B(X; F, G,), then there is a bundle mapping p:{ — &.
Since 7,(F;) =0, there is a cross-section c: X>— E({). Clearly, pc: X* - E(¢) is
a cross-section and the primary obstruction to sectioning ¢ is zero. Conversely,
let £€B(X;F,G) be a bundle induced by f:X — B(G) such that the primary
obstruction vanishes. The only obstruction to lifting f to a mapping h: X — B(G,)
is given by

(16) S*t() = f*104(4y) = = fFo,74(4)
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where ¢,, ¢, are the fundamental classes of T and B(T), respectively. It follows
from the bundle mapping

T 156, 150
17 l l l?
Iy F, —=5F

and 7,(F) =0 that 7,(¢;) = y*(t) where ¢ denotes the fundamental class of F.
Now, there is a mapping

G —> EG) — B(G)

18) lv ly(E) lid

F — E(F,F) —> B(G)

form the universal bundle v(G) onto the universal bundle w(F,G). Hence
a5(t) = 6,9*(¢) where o5 is the transgression of v(F,G). Substituting these rela-
tions into (16), we have

(19) f*1()) = = f*o3() = —f*0,(W(F,G)) = —04(¢) = 0

where 0,(v(F,G)) and 0,(&) are the primary obstruction classes of v(F,G) and
&, respectively. Therefore, there is a lifting h: X — B(G,) of f:X — B(G) and
h*v(F, G,) is weakly associated with &.

(b) The first part is obvious. So, let us prove the second part. First of all,
let us pick up one of the {’s, say {,, which is weakly associated with £. Then
P1:E(,) — E(&) is a principal T-bundle over . Consider ¢*5 which is a principal
T-bundle over X". Let O,(¢*n) be the primary and the only obstruction to
sectioning ¢*n which is an element in H*(X";(Z)"). Since n>2,
H%(X;(Z)™) = H¥(X;(Z)™) and 0,(¢*n) can be considered as an element in
H?(X;(Z)™). There exists a unique principal T-bundle 7 whose k-invariant is
—0,(¢*n). Consider the bundle {; x 7 over X x X. Let d: X - X x X be the
diagonal embedding: Denote d*({, x #) by {; ®# which is an (F; x T,G; x T)-
bundle over X. Recall the homomorphism u: G; x T — G; which
sends (g.,t) to g;¢. This induces a mapping #:F; x T— F; such that
(@, p:(Fy x T, Gy x T)- (F;,G,) is equivariant. Therefore, there is an
(F4, G,)-bundle {, weakly associated with {; @#. It follows from the commu-
tative diagram

G, x T-£>6, F xT-E5F,

® [
q s

GléG Fl""—éF

where q, and s; are projections onto the first factors that {, is also weakly
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associated with £. Consider the principal T-bundle p,: E({,)— E(£) which is denoted
by n’. It is easy to check that 0,(¢*n’)=0,(n'|&(X")) =Owhere n’|&(X")
denotes the portion of n’ over &X"). Let ¢,:é(X") — E({,) be the cross-section.
Clearly, c,é:X"— E({,) is a section in {, and p,c,¢é=c. This completes the
proof of (b) of 4.3.

4.4. COROLLARY. Under the same hypothesis of 4.3, if the base space X
of £€B(X;F,G) is 2-connected and the primary obstruction to sectioning &
vanishes, then there is a unique n€B(X; F,,G,) weakly associated with ¢ and
the (n + 1)-ary obstruction classes of & coincide with the n-ary obstruction

classes of n.

Since H*(X;(Z)™) =0, this corollary follows immediately from 4.3 and 3.2.

V. Kundert formula. Starting with this section, we shall give applications of
the previous theorems. The first application is to rederive Kundert’s formula for
the secondary obstructions to finding a complex line sub-bundle in a given complex

vector bundle.

5.1. TueoreM (KUNDERT [7])(}). 4 CP" '-bundle & eB(X;CP""!,PU(n)) is
weakly associated with a bundle n € B(X; S*"=1 U(n)) if and only if the primary
obstruction 0,(&) of ¢ vanishes.

Now, suppose that 0,(¢) =0 and neB(X;S* ', U(n)) is weakly associated
with &. Then, the secondary obstruction classes to sectioning & are given by

(20) Eo Co-iln) ™~ D*

where D varies over H*(X;Z), C(n) denotes the ith Chern class of n and the
cup product is taken relative to the standard pairing.

Proof. It wasremarked in §II that (S2"~*, U) is an enlargement of (CP" ™', PU).
Since PU is semisimple, H'(PU;Z)=0. By 4.3, the primary obstruction to
sectioning & vanishes if and only if ¢ is weakly associated with a bundle

neB(X ;S2"71,U). To prove the second part of the theorem, we first consider
the fibration B(C) ~>B(U) *2 B(PU) induced by 1 —» C 5 USPU - 1. Let
T" be the standard maximal torus of U. There are the following commutative

diagrams:

j—>C s T'xC 4> 1
Q1) l liz lizxid 1:'2
i—>C 25U uxc £s U

where i, i, i are inclusions and u, u’ send (u,c), (¢,¢) to uc,tc. They induce the
following commutative diagram of classifying spaces:
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1'(B)
K(Z,2" x K(Z,2) —> K(Z,2)"

(22) liz(B) « id liz(B)
BU) x Bc)— B, gu)

where u(B) and u’(B) are the principal mappings of the fibrations
B(C) -» B(U)—» B(PU) and K(Z,2)- K(Z,2)"- K(Z,2)"" ' = B(T"/i,C) defined
in (13). It is easy to see that u'(B) is homotopically equivalent to the diagonal
action of K(Z,2) on K(Z,2)" which sends (ky,:--,k,; k) to (kik,--,k,k). It is
well known that i(B)*: H*(B(U);Z)— H*(K"Z) is a monomorphism which
sends the ith universal Chern class C; into the ith elementary symmetric poly-
nomial o; on the canonical generators y; (j = 1,---,n). Since p'(BY*(y;) = y; +d
where d denotes the fundamental class of the last factor of K" x K, we have
that u'(B)*(o;) is the ith elementary symmetric polynomialon y; +d (j = 1,---,n).
By commutativity,

@ @ DwEC = [T0+d= T oxd
Since i,(B)* x 1 is monomorphic,
(9 WBY(C) = X Cooy x d.
Now, suppose that 7eB(X;8%"~!,U) is weakly associated with £. Let n be
induced by h:X - B(U). By 4.2 and the definition of «, any bundle

7 €B(X;S?"~ !, U) must be induced by a mapping (h, g) u(B): X - B(U) where
g:X - B(C) = K(Z,2). Hence, it follows from (24) that

Cr) = T Cousl) <@

(25)

I

T Cyoil) ~2*(d)"
k=0

As g varies over the homotopy classes of mappings from X into B(C), n’ varies
over the set of (S2"~!,U)-bundles weakly associated with ¢ and g*(d) varies
over H%(X;Z). By 4.3, the primary obstruction classes of these (S*"~!,U)-
bundles n’s weakly associated with & are the secondary obstructions of . There-
fore, 0,(&) are given by (20).

VI. Third obstructions to sectioning (CP"", PU)-bundles. In this section, we
shall give a description of the third obstruction classes by applying 4.3 and Liao’s
formula of the secondary obstructions of sphere bundles [6;8;9].
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6.1. THEOREM. Let £€B(X;CP" LPU) (n>2). If 0,(8)=0 and 0,(%)
contains zero, then there is n€B(X;S*"~*,U) weakly associated with & and
C,(n) = 0. Moreover, 05(&) is a union of cosets in H*"*(X;Z,) relative to the
subgroups (Sq% + Wy(n) ~+nD~)H*~'(X;Z) (one coset for each subgroup)
where the cup product is taken relative to the nontrivial pairing and D varies
over the elements in H*(X ; Z) satisfying

(26) D" +Cym) D" '+ +C,_ () ~D =0.

Note that 05(&)isnot a coset of H>"*'(X;Z,) relative to a single subgroup
but a union of cosets relative to some subgroups.

Proof of 6.1. By hypothesis, there is neB(X;S*"~!, U) weakly associated
with ¢ and a section c:X?"— E(n) which lies over ¢. Hence, C,() = 0. By 4.2,
a bundle #’ e B(X;S*""!,U) weakly associated with ¢ can be expressed as a(D)
for D e H*(X; z). In the proof of 5.1, we proved that

@ CED) = 3 Cous) D= E Consl) D"

Analogous to the proof of the above formula, we can easily prove that
(28) Cy(«(D)) = nD + Cy(n).

By 4.3, the cross-sectionsin ¢ defined on X?" are always covered by those in
a(D)’s for which the cross-sections on X" exist. «(D) has cross-sections on X"
if and only if C,(«(D)) = Xp-,C,_i(n)~ D* =0 which is (26). If C,(«(D)) = 0,
then the secondary obstruction classes of its sections on X2" form a coset of
H*"*Y(X;Z,) relative to (Sq® + W,(a(D)~) H**"(X;Z) by Liao’s formula [8]
where the cup product is taken relative to the nontrivial pairing Z, ® Z - Z,
and W,(«(D)) is the second Stiefel-Whitney class of a(D) which is C,(«(D)) reduced
to mod2. Since C,(«(D)) =nD + C,(n), the theorem follows immediately.

Now, suppose that £ e B(X;CP""!,PU) is the product bundle. Then cross-
sections in & correspond to graphs of the mappings of X into CP"~!. Suppose
that f: X" CP" 'is a mapping defined on the 2n-skeleton of X into CP"~! The
obstruction to extending f is a cocycle of X with coefficients in 7,,(CP"~%). If we
keep f: X2 CP"! fixed and retreat the mapping on X2"— X2"~2, these
cocycles form a set of cohomology classes in H2"+1(X ; Z,) which is called W¥(f)
by Peterson-Stein [15]. They proved that ¥(f) is a coset of H*"*!(X;Z,) relative
to the subgroup (Sq* +f*()~) H*" (X ;Z) where the cup product is taken re-
lative to the Whitehead product pairing

(29) T20-1(CP" ™) @ m,(CP"™ 1) - 7,,(CP"™ ")

and ¢ denotes the fundamental class of CP"~ !, But, if we consider the product
bundle X x S*"~! as the bundle 7 in (6.1) and the graph of f as cross-section
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of the product bundle X x CP""!, then C() = O for all i and f*(:) is an element
in H*(X ; Z) satisfying (26). f*(¢) determines a bundle ' e B(X;S*>*~*, U) weakly
associated with X x CP"~! such that the cross-sections in 5’ defined up to X"
exist. Note that ' is not a product bundle. As we project these cross-sections into
X x CP"™!, we have the graphs of the mappings of X*" into CP"~! which co-
incide with f on X*"~!. Hence it follows from the proof of 6.1 that W(f) is a
coset of H*"*1(X;Z,) relative to the subgroup (Sq® + nf*())~) H*"™ (X;Z)
(n > 2) where the cup product is taken relative to the nontrivial pairing.

6.2. COROLLARY. The Whitehead pairing. n5,_,(CP"" " )®mn,(CP"~ Y- n,,(CP"™!)
(n=3) is zero if n is even and nonzero if n is odd.

Next, we consider a simple example showing that 05(&) is not always trivial.
Let %! be the tangent bundle of S**!. The structure group of t*** can be
reduced to U(2k) and 7%**! = ¢,, + 0 such that U(2k) acts on the fibre R* of
&4 only and 0 is the trivial bundle. Consider the (CP*7!,PU)-bundle &
weakly associated with &,,. It is clear that both the primary and secondary con-
structions vanish in £&. Now, we can consider the associated sphere bundle 7 in
&4 asnin 6.1. Since S**! is 2-connected, it follows from 4.4 that 0;() coincides
with 0,(n) e H¥*1(S**1,Z,). Now, it is well known that 7**! does not admit
an independent 2-vector field. Hence, O,(n) # 0 which in turn implies that
03(8) #0.

VII. Secondary obstructions mod 2 to finding orientable 2-plane sub-bundles
inorientable vector bundles. Inthissection, weshallderive formulas for computing
the secondary obstructions mod 2 to finding orientable 2-plane sub-bundles in an
oriented vector bundle. By an oriented vector bundle, we mean a fibre bundle with
R, as the fibre and SO(n) as the structural group.

7.1. THeoreM. Let £eB(X;R",SO(n)) (n>5) be a given orientable vector
bundle. Then, the primary obstruction to finding an orientable 2-plane sub-
bundle in & is zero and the secondary obstructions mod2 are given by

(@ W,_1()eH" 1(X;Z,) for n odd,

() W,_ (&) + W,_3(&) ~ D + - + W3(&) " D"~ Y2CH* (X Z,) for n even,
where W(&) denotes the ith Stiefel-Whitney class of £, D varies over H*(X;Z)
and the cup product is taken relative to the nontrivial pairing.

Proof. First of all, we recall that the obstructions to finding an orientable
2-plane sub-bundle in ¢ are equivalent to those to sectioning the bundle
n€B(X;G,-, 2, PSO(n)) (weakly) associated with £ with oriented Grassmannian
Manifold G,_, , = SO(n) /(SO(n—2) x SO(2)) as the fibre. Since PSO(n) is semi-
simple and 7,(G,-,,) =Z is the first nontrivial homotopy group of G,_, ,
there is a unique enlargement (F,,G,) of the fibre pair (G,-, ,,PSO(n)) which
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can be constructed by the method in the proof of 4.3. In fact, we can take Fy = V/, ,,
because the principal fibration SO(2)— V, , = G,_, , kills off the fundamental
class of G,_, ;.

Now, we know that PSO(n) = SO(n) if and only if n is odd. So, we divide the
proof into two cases according to n odd or even.

(a) n (>5) odd. We consider the following commutative diagram:

i
| —> SOQ2) —> G, — SO —> 1

(30) l lvl l Y
j s

SO(2) ——% V"’z _'—) G"_Z,z

where i, are inclusions and g, s, 7, y, are projections. Since the action of SO(n)
on G,_, , is factored through V, ,, G; = SO(n) x SO(2) by the construction in
the proof of 4.3. Hence, the fibration B(C)——3 B(G,)—~3 B(SO(n)) induced by
1-8S0(2)=C LN G, % SO(n) - 1 is trivial. In other words, B(G,) = B(SO) x B(C)
and the principal mapping u(B): B(G,) x B(C) = B(G,) is just the multiplication of
the second factor. Consider p:v(V,,,,SO(n)) = W(G,_;,,S0(n)) where p is the
natural projection. Since m,_,(V, ;) is the first nontrivial homotopy group of
V, 2 there exists a section c: B(SO(n))"~? — E(V, ,, SO(n)). Obviously, pc:
B(SO)"™% — E(G,_, ,, SO(n)) is a cross-section in w(G,-; , SO(n)). Hence,
the primary obstruction to sectioning v(G, - ,, SO(n)) vanishes and pc determines
a secondary obstruction class to sectioning WG, ,,S0(n)) which is W,_,, the
(n—1)th Stiefel-Whitney class of the universal vector bundle v(R", SO(n)). There-
fore, q(B)*W,_, € H" '(B(G,); Z,) is a secondary obstruction class to sectioning
4(B)*v(G, -, ,,SO(n)). Because the principal mapping u(B): B(G,) x B(C) - B(G,)
is the multiplication of the second factor of B(G,) and q(B): B(G) — B(G) is the
projection of the first factor, we have

(3D WB)*q(B)*(W,-1) = q(B)*(W,-1) x 1.

This implies that the secondary obstruction class of ne€B(X;G,_, ,,80(n)) is
uniquely determined and is W,_,(£) where &eB(X;R",SO(n)) is the associated
vector bundle which we start with. This completes the proof for n odd.
(b) n (>5) even. This case is more complicated than the first case as one
can see from the formula. Set n = 2m. PSO(2m) is no longer equal to SO(2m).
Analogous to the case (a), we have

i
1 — SO(2) —> G(m) ——> PSO2m) —> 1

(32) l lvl lv
i S

SO(2) —> V2m2 >GZm---2,2
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where G(m) can be described as follows. Let A; be the unique subgroup of order
2 in C and A, the centre of SO(2m). Let A be then diagonal subgrouping of
A, x A; =SO(2m) x C. Then, G(m) = (SO(2m) x C)/A. Itis clear that G(m) con-
tains SO(2m) as a normal subgroup. Let i;: 4; = C, i,: SO (2m) — G(m) be the
inclusions. We have the following commutative diagram of Lie groups:

i X iy

SO(2m) x A, = G(m) x C
(33) llh ‘ lﬂ
SO@2m) ——— 25 G(m)

where p,p, send (g,e), (s,a) to ge and sa, respectively. Correspondingly, we
have the following commutative diagram of classifying spaces:
BSO2m)) x K(Z,, 1) 2B X 1B) 5 cony x BEO)
(34) lul(B) lﬂ(B)
B(SO(2m)) 2B, pim)

where y,(B), u(B) are defined in (13). Using an analogous argument as in case (a),
we can choose a secondary obstruction class 0, € 0,(q(B)*¥(G - 2,2, PSO(2m))
such that i,(B)*(0,) = W,,,_,, the (2m—1)th integer universal Stiefel-Whitney
class. Clearly, we have

(3% (i(B)* x iy(B)*) p(B)*(02) = py(B)*i(BY*(0,) = uy(BY*(W 3 1)-

Let us compute u,(B)*(W,,,- ) reduced to mod 2. In other words, u,(B)*(Wz,,—1)
where W,,_, is the (2m — 1)th universal Stiefel-Whitney class (mod 2) of
V(R*™ SO(2m)). For this purpose, we consider the following diagram:

S0C2m) x 4,225, 0my x 4, ' (Z,)™"x D
(36) lm l/tz lﬂa
SO(2m) — 2 0@2m) e— (Z,)™"

where t maps (Z,)*™ onto the diagonal orthogonal matrices, D denotes the diag-
onal subgroup of (Z,)*™, and pya,b)=ab for i=1,2,3. Corresponding to
(36), we have

iy(B)x id

BSO@m) x B(4,) 2B M pom) x B4, <B4 k7, 1" x KZs,1)
(,37) llh(B) ) \ k2(B) J/,u;,(B)
Bso@em) — 2B, Bo@m) « B kz,1)
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where u/(B) (i = 1,2,3) are again the mappings defined in (13). It is well known
that

[©)) i3(B)* : H¥(B(O(2m)); Z,) - H*(B(SO(2m)); Z,)

is an epimorphism and the kernel is generated by W,

(03] H(B)* : H¥(B(O(2m)); Z,) - H*(K(Z5,1)*™Z,)

is a monomorphism and #(B)*(W,) = g; the ith elementary symmetric polynomials
on the canonical generators {x;,---,X,,}. By an argument analogous to the
proof of 5.1, we have

(38) Us(BY*(Wym—1) = Wyp—1 + Wap_3 X a’+ -+ Wy x a2 mod 2

where a is the fundamental class of H'(B(4,); Z,). By the epimorphism i,(B)*,
we have

(39) Po(BY¥*(Wap—y) = Wop_1 + Wyp3 X @% + o + Wy x a®"* mod 2.
Consequently, we have

(40) HB)*(0,) =Wy + Wop_s X d + - + Wy x d™ 72
(03} mod 2

where W,,_, € HX(B(G(m)); Z,) such that i,(B)*(Wy;,_,) = W,;_,, d is the genera-
tor of H%(B(C);Z,) and I denotes the ideal generated by keri,(B)* x 1.

Now, let n€B(X;G,,,—,, PSO(2m)) be the bundle weakly associated with
&eB(X;R*™ SO(2m)). There is a commutative diagram

X _J B(SO(2m)) _ B B(G(m))

~.
41 73(B) l y2(B)
N l
B(PSO(2m))
such that f induces ¢ and y;(B)f induces 5. Hence, it follows from (40) and (41)
that the secondary obstruction classes mod 2 to sectioning # are given by

42) Wom=1(8) + Wap—3(8) 7D + - + W3(£) “D" "2

where W(£) is the ith Stiefel-Whitney class of £, D varies over H%(X;Z) and the
cup product is taken relative to the nontrivial pairing Z, ® Z - Z,. This com-
pletes the proof for n even.

REMARK. When n is even, the secondary obstruction classes to finding an
orientable 2-plane sub-bundle in an oriented vector bundle are integer classes.
Since W,;_ (&) are integer classes reduced to mod 2 and D is also an integer class,
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it is natural to conjecture that the formula (b) of (7.1) is actually a formula for
integer classes.

7.2. PrROPOSITION. Let £ €B(X;R",SO(n)) such that X is 2-connected. Then
¢ has a 2-plane sub-bundle which is always orientable if and only if & has a
2-vector field.

7.2 follows immediately from 4.4.
Applying 7.2 to the tangent bundles of quaternionic Grassmannian manifolds,
we have the following corollary.

7.3. COROLLARY. Quaternionic Grassmannian manifolds do not have a tangent
2-plane field.

In fact, every quaternionic Grassmannian manifold is 3-connected and has
nonzero Euler class. Hence, 7.3 follows immediately from 7.2.

Appendix. Relation between the method of universal models and the method
of enlargement. There is a general procedure, called the method of universal
models [6; 9; 15], for studying secondary obstructions to sectioning fibre bundles.
First, let us briefly recall this method. Let B(G) be the classifying space of G and
0, e H"*}(B(G); n,(F)) be the universal primary obstruction class to sectioning
v(F,G). Let K(=,(F), n)—'»Bl(G)—q>B(G) be the principal K(z,(F),n)-bundle
killing off O,. Then the primary obstruction to sectioning g*v is zero. Let
0, € H"*'(B*(G); n,,(F)) be a secondary obstruction class to sectioning g*v. Then,
the secondary obstruction classes to sectioning a bundle ¢eB(X;F,G) with
vanishing primary obstruction are the secondary characteristic classes [6;15]
determined by the universal model (B'(G),q*v,0,). In fact, the fibration
K(m,(F),n) 5 BY(G) % B(G) is just the first stage Postnikov decomposition of
v(F,G) [4; 5].

Now, let us examine the relation between the method of universal models
and the method of enlargement. For convenience, we introduce the following
definition.

DeriNITION. Let J be the automorphism of the group K(=n,(F),n) which sends
each element to its inverse. Then, J induces a bundle involution i on a principal
K(=,(F),n)-bundle n. We say a principal K(x,(F),n)-bundle ' is weakly equiv-
alent to 7 if it is equivalent to # or jn.

In fact, if we consider J as the generator of an abelian group Z, and K’ be
the split extension 1 » K —» K’ - Z, —» 1 determined by JkJ-! = k~1, then two
principal K(n,(F), n)-bundles are weakly equivalent if and only if they are equiv-
alent as K°-bundles.

Since B(T)%B(G,) ﬂg)—Z»B(G) of (9) isa principal fibre space (cf. Theorem 3.1)
with fibre B(T) which is K((Z)",2), it is fibre-homotopy equivalent to its first
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Postnikov decomposition [4; 5] which can be constructed as a principal K((Z)™, 2)-

bundle. We still denote this bundle by B(T)~=>B(G,) “2 B(G).

PROPOSITION. The principal fibration K(Z)", 2)4 BY(G) & B(G) which

kills off 0,(v(F,G))e H*(B(G): (Z)™) is weakly equivalent to the principal
i(B) a(B)

fibration B(T)<2>B(G,) " 2>B(G) of (9).

Proof. The bundle involution { sends the k-invariant of a principal K(n,(F), n)-
bundle into its negative. Since it has been shown in the proof of 4.3 that the
k-invariant of these two fibrations are negatives of one another, they are weakly
equivalent to one another.

So, we may identify these two fibrations by changing the sign of the funda-
mental class of the fibre.
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